1. Can the function f(z,y) =
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sin z sin® g

———— 5 bedefined at (0,0) in such a way that it becomes continuous there?
1 — cos(z? + y?)

Ans:
Let 1 (t) = (¢,0), for t € R. Then,

lim f( (1)) = lim0
= 0
Also, let y2(t) = (¢,¢), for t € R. Then,
v
. . sin™ ¢
}g% Foe(®) = }E% 1 — cos(2t2)
sin® ¢

1M ——5—
=0 2sin”(£2)

_ liml sint\? t? 2
502 t sin(t2)

1
2

Therefore, lim f(71(t)) # lim f(y2(t)) and  lim  f(z,y) does not exist.
t—0 t—0 (z,y)—(0,0)

As a result, there is no way for us to redefine the function at (0,0) so that it is continuous at that point.
. Let D be a path connected subset of R™ and let f: D — R be a continuous function.

Suppose that a,b € D such that f(a) < f(b).

Show that for all L € R with f(a) < L < f(b), there exists ¢ € D such that f(c) = L.

Ans:

Let L € R such that f(a) < L < f(b). Since D is path connected, there exists a continuous function ~ : [0,1] — D
such that v(0) = a and (1) = b.

Let g : [0,1] — R be a function defined by g(t) = (f o v)(t) = f(7(1)).

Note that g is a continuous function and ¢(0) = f(a) < L < f(b) = g(1). By intermediate value theorem, there
exists to € (0,1) such that g(to) = f(v(to)) = L.

Let ¢ = 7(tp). Then, c is a point in D such that f(c) = L.

. Let f : R? — R be a function and let (a,b) € R2. We define two single variable functions g(z) = f(z,b) and
hy) = f(a,y).

(a) If g(x) is continuous at = a and h(y) is continuous at y = b, does it follow that f is continuous at (a, b)?
Why?

(b) If f(z,y) is continuous at (a,b), does it follow that g(x) is continuous at x = a and h(y) is continuous at
y = b7 Why?

Ans:



(a) No, consider the function
1 ifz=0o0ry=0;
f(xv y) =

0 otherwise.

It is clear that f is not continuous at (0,0) as  lim  f(z,y) does not exist.
(z,)—(0,0)

However, g(z) = f(z,0) =1 and h(y) = f(0,y) = 1 which are continuous functions.

(b) Yes. Since f is continuous at (a,b), given any e > 0, there exists § > 0 such that |f(x,y) — f(a,b)| < € for
all |(z,y) — (a,b)] < 4.
Then, for all |x —a| < 8, we have |(x,b) — (a,b)| = |z —a|] < ¢ and so |g(z) — g(a)| = |f(z,b) — f(a,b)] <.
Therefore, g is continuous at = = a.
Similarly, for all |y —b| < d, we have |(a,y) — (a,b)| = |[y—b| < ¢ and so |h(y) —h(D)| = |f(a,y) — f(a,b)] <e.

Therefore, h is continuous at y = b.

4. Let f(z,y) = /22 + 3y — 1. Using the limit definition, find ? and g at (—2,3).
€T Y
Ans:
. f(=2+4h,3)— f(—2,3) . V2h+4-2
lim = lim ——
h—0 h h—0 h
L VZREA-2 VT2
) h V2h+4+2
2
= 1'
n0 2R 4+ 2
1
T2
f 1
Theref —(—2,3) = =.
erefore, (%( ,3) 5
. f(=2,34+h)— f(—2,3) V3h+4-2
lim = lim ——
h—0 h h—0 h
g VBREA-2 VBh T+
= h V3h +4+2
3
ns0 /3h 4+ 2
_ 3
4
3
Therefore, 8—‘;(—2,3) =7

5. Let f(z,y,2) = 2y + yz + zz. Using the limit definition, find the directional derivative of f at the point
u = (1,—1,1) along the direction v =i+ 2j + k.

Ans:

1
Note that the unit vector of vis ¥ = —v = i+2j+k)

1
v V6



L f o + 1) — f(x0)

h—0 h
1 2 1
h—0 h
. [(1+ 5 (=14 Fh) + (=14 Zh) A+ Joh) + (1L + Zh) (1 + Jzh)] = [(1)(=1) + (=1)(1) + (1)(1)]
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Therefore, Vy f(u) exists and it equals to 4.

6. Let f:R? — R? be a function defined by

WELL) i () # 0,0

2 + y?
f(z,y) =
0 i (2y) = (0,0)
. Of of

Find Pz and M at (0,0).

Ans:

‘We have s

h—0 h h—0 h3

Therefore, ‘;f (0,0) = 1. Also

X

f(0,0+h)— f(0,0) . sinh* sinh4'h:<, sinh4>.(

lim = lim = lim W

h—0 h h—0 h3 h—0 h—0

1imh> =1-0=0
h—0

Therefore, Zf (0,0) = 0.

dy
7. Let f:R? — R? be a function defined by

22— 2
oy i () # 0.0
fla,y) =
0 if (z,y) =(0,0).
of of
(a) Show that 8—(m, 0) =« for all x € R and 8—(0, y) = —y for all y € R.
Yy x
*f o*f
b) Show that .
Ans:
. fz,04+h)— f(x,0) a? —h?\
(a) If x # 0, we have }lllir%] N = fltlg}):v eyl Bk
On the other hand, we have lim 10,0+ 1) = f(0,0) = lim v=0_ lim 0 = 0.
h—0 h h—0 h h—0

Combining the above two cases

, ay(glm()) =g for all z € R.



fO+h,y

~—

: : —f0,y) _ .. h? —y?
Also, if 1 =1 — | = —.
so, if y # 0, we have lim lim y ey y

h
On the other hand, we have lim (0+h,0) — f(0,0) = lim H = lim0=0.
h—0 h h—0 h h—0
Combining the above two cases, %(O7 y)=—y for all y € R.
95(0,0 + h) — 2L(0,0) ~h—0 O%f
. ox b ox bl 1 _ — _
(b) We have }lllir%) W = lim —— = 1, so 920y (0,0) 1.
550 +n,0)— 5(0,0) h—0 o2
: Oy ’ Oy ’ — | 7_ = 7f =
Also, ’1113% o = ’1112%) - 1, so g0 (0,0) =1.
0% f 0% f
Theref —_— =—-1#£1= .
erefore, 920y (0,0) # 9y0n (0,0)
8. Find % and Z—ch if
_ -1 (Y
(a) f(zy) = tan" (2)
(b) f(z,y) =€ Iny
Ans:
of _ 1 Yy, Y of 1 1, =
(a) or (L) 11 ( x2)_ 22+ 42 and By~ (L2 +1 (:1:)_ 2+ 12
(b) g—x =ye” Iny and % =ze™lny + e“"y(i) =™ (:Elny + ;)

9. Find all first partial derivatives if f(z,y,z2) = sin™*(2? 4+ 322).

Ans:
of 2z af 2yz of y?
- = , =— = and = .
0r /1 — (224 y22)%2 Oy 1— (22 + y%2)? 0z \/1— (22 +y22)2
2 2 2
10. If f(z,y) = x cosy + ye®, find all the second-order derivatives, i.e. %, g—yJ;, (‘fxéfy an
Ans:
21 = ye” 82—f = —xzcosy and 1 = el = —sginy + €
a2 oy 4 oxdy  Oydx Y '

0% f
Oyox’




